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* A simple proof
relating the areas
formed by the
sides.

« Pythagorean
School Philosophy

“Everything is
numbers”.

What about \/5?




Another Proof

* There are more
than a “proofs”
of the Pythagorean
theorem.

 Which is the best?
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What is a Geometric Number?

S.c.al.ars
The geometric numbers
of space are pictured on >/
the right. They are Vectors
obtained by extending the
real number system to @
Include new :

Bivectors

anti-commuting square
roots of plus and minus
one, each such root e
representing an
orthogonal direction in :
successively higher Trivectors
dimensions. Geometric numbers

of Space




Rules of Geometric Numbers




Proof Using Geometric Numbers

Rules: 1) A vector: a2 — aad — \a\Q
2) Orthogonal vectors anti-commute:

alb <«— ab= -ba.

Proof of Pythagorean theorem:

athf=a +abthath =a'+h=c"




Quote

“One cannot escape the feeling that
these mathematical formulae have an
iIndependent existence and an intelligence
of their own, that they are wiser than we
are, wiser even than their discoverers, that
we get more out of them than was
originally put into them.”

— Heinrich Hertz (1857 — 1894)



More generally

(a+b)° = a” + ab + ba + b’
—a°+2a-b+ b’



Geometric Product
Inner and Products

a-b and aADb
ab = 3(ab + ba) + 3 (ab - ba



Complex and Hyperpolic Numbers

Y v
Y

/ ’f!.\- —tX H-1II

b. Shaded area=1/2¢

" w=z+uy = pe"

a. Shaded area=1/26

r=c+1wy=re

i=v—-1,i"=—-1, u=vV+1, v“ =1



Hyperbolic Numbers

W1 = T+ UYr, W2 = Tz T UY2
WiWe = T1T2 + Y1Y2 + (5’5192 + 37291)“
Spectral Basis :
w=z+yu=(r+yus + (@ —yu_

1 1
where uy = 5(1—|—u), u_ = —(1 — u),
Usr +u_ =1, us —u_=u
2 2

uy = tgy, u- = u_, ugpu_ = 0.



Geometric Numbers G2 of the Plane

) _ 2
e, =€ =1

€19 = €169 = —€964

iz = (6162)2 = €169€1©

e = —€1€169€9) = -1



Geometric Numbers of 3-Space

Gj = 8]9@”{1,@1,@27 €3, €19, €13, 92376123}

e %o
Scalars

>/ « Real Numbers (scalars)

Vectors

l @ * Vectors
« Bivectors

Bivectors

e Trivectors

888888

Trivectors

Geometric numbers g — @O —|— leel —|— @2@2 —|‘ &363

of Space



Cancellation Property
Let a, b, c be vectors in G, then
ab =ac < a’b=a’c < b=c,
provided a2 = \aP # 0.
This Is equivalent to:

a-b=a-c
implies A — C

axXxb=axc



Reflections L(x) and Rotations R(X)

[{x) = ~(a—bjx(a- b} <>
( ) \/E X \/7 b
where |al=|b|=1 and .

Vab = a2 2
L(a)=b, R(a)=b




The Spectral Basis of the Geometric
Algebra G,

By the spectral basis of (-, we mean

1 [ up  eju_
(el) U (1 el) — (elu_|_ " )

1
where wuy = 5(1 es)

are

Note that e, u, = u_e;.



a b
c d

then the element g € G; is

For example, if |g] = ( ) . a,b.c,deC

1
€1

g=(1 er)uylg] (

Pauli Matrices:

1= (g 1) e = (] g). and

) = auy + bequ_ + cejuy + du_



The Riemann sphere

2
ates

Basic equation: 111 —

~

where a 1is a unit vector, and m

IS a vector.




What Is a Spinor?

Pauli Spinor: vy, 1= (QO)
Cx]

Also called a ket-vector.

Geometric Spinor: |()g> ‘= (()40 —|— &1el)u-|-7

with matrix HO{)] . — (20 8)
1



The Riemann Sphere




Norm of a Spinor
Sesquilinear inner product:

(0]B) = agBy + 1 B,
A spinor is normalized If
(a|a) = agag + apa; = 1.

where (o := |a)" = uy(ap + @req)



Properties of Spinors

0

= ggm; = pe"



Great Circle of Riemann Sphere




Magic of Quantum Mechanics

Observable: S = 59 + S € (Gg

where S = S1€4q S9€9 T S3€3.

N -
Note that  [S] = (30 S3 S 7,32)

S1 +1S2  Sp — S3

IS an Hermitian matrix.



Probabillities of Spin

a) = myu,

b) = myu, <§> 5 4

Electron

ligned against

aligned wi ( Jai
I h e n magnetic fiel nagnetic field:
m, = + 1 me = —=

..
s




The famous double slit experiment ©NewScientist

This experiment illustrates the difference between quantum and classical mathematics

If particles behaved
classically, the pattern they
produce on a screen would
be the sum of pattermns
created by passing through
each individual slit

Particles are quantum,
though, and produce an
interference pattern that
cannot be explained by
classical logic

PARTICLES



Quantum Entanglement
Alice

Maximally
entangled pair

§
‘ 3
- =
£ \0

D

Bob



Expected Value: <S> ‘= <OZ|S|OZ> =5 -\- S - é)
Standard deviation:

gt = {al( 8- (8)) o) = [Pl [s5+) o) = s xaf

(s X )2t X 8)” = |(s x &) - (£ X Q)2+ |(s x 1) - "

o005 > (s X t)°.



Schrodinger Equation

ihZ2|a) = (- 2V 4 V)|a) = H|a)

If the Hamiltonian Is time independent,
then H = S = sy +s; with solution:

o) = /2 %hstm = \/ie"i%ot(cos % +78sin ‘%)m



Schrodinger’s Equation
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Complex Pauli Algebra
G3(C) — gen{ela €2, 93}0

Complex spectral basis:

1 4+ B E?_)I_ elE?)_
(e1> E3 (1 el) — (elE;_ E.g_

where

b= %(1 + Jeg)

J = —z'e123 = —11.



Complex Pauli Matrices

1o = (é ?) . el = (? é) 7
eda= (7 ) lealn= (5 ).

Forreal ) — (}3((})7



the matrix [Q] of () 1s
(%
Q] = (Ql §o> |

where {}y = g1+ Ji3, = 9y + Jps

| ¥1

for the Dirac spinor [ — | ¥2
w3 |

P4



We start with
Gj = 8]9@”{1,@1,@27 €3, €19, €13, 92376123}

We factor e, e,, e; Into Dirac bivectors,

€1 = Y1%0,€2 = Y270, €3 = Y370,
where

n="=7=—-17%=1
VYo = =YV for p # v

G1,3 — spa,n{lj Vs Ypvs Yuvw 70123}



Splitting Space and Time

The ordinary rotation

1 1
R(X) — e 29e12X€20612 y Ai o et g o0
€
IS In the blue plane of T e, )
the bivector i=e,,. The Vel et e et
blue plane Is boosted
Into the by

B(x) = ¢ 2%°2x¢2%¢

with the velocity v/c = Tanh ¢.
The light cone Is shown In red.



Neutrino Oscillation (two states)

[ve) = |0) == v2uy

Muon neutrino state: "UM> = |iSez)

Oscillation:

(cosuﬂssm f )u+ = (egcos‘—ﬂsegsm‘ ) 1



The neutrino In the evolving state ‘Oz (t)>
will be observed in the state ‘6)

with the probability
(o] B)]? = 2(Bla|B)ots = 3(1 +a - b).



